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Abstract
This paper is concerned with the dimension theory of tensor products of algebras over a ﬁeld k. In
fact, we provide a formula for the Krull dimension of A⊗kB when A and B are k-algebras such that
A[n] is an AF-domain for some positive integer n. As an application, we construct a new family of
k-algebras A and B for which dim(A⊗kB) may be computed.
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0. Introduction
All rings and algebras considered throughout this paper are commutative with identity
element and, unless otherwise speciﬁed, are assumed to be non-trivial. Here and subse-
quently, k stands for a ﬁeld.We shall use Spec(A) (resp., Min(A)) to denote the set of prime
ideals (resp., minimal prime ideals) of a ring A and t.d.(A : k), or t.d.(A) when no confu-
sion is likely, to denote the transcendence degree of a k-algebra A over k (for nondomains,
t.d.(A) = sup{t.d.(A
p
) : p ∈ Spec(A)}). Also, we use A[n] to denote the polynomial ring
A[X1, . . . , Xn],p[n] to denote the prime idealp[X1, . . . , Xn] ofA[X1, . . . , Xn], and kA(p)
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to denote the quotient ﬁeld of A
p
for any prime ideal p of A. Any unreferenced material is
standard as in [3,13,17,18].
Several authors have been interested in studying theKrull dimension of tensor products of
algebras over aﬁeld k.The initial impetus for these investigationswas a result of Sharp in [20]
that, for any two extensionﬁeldsK andL of k, dim(K⊗kL)=min(t.d.(K), t.d.(L)) (actually,
this result appeared ten years earlier in Grothendieck’s EGA [15, Remarque 4.2.1.4, p.
349]). This formula is rather surprising since, as one may expect, the structure of the tensor
product should reﬂect the way the two components interact and not only the strcuture of
each component. This fact is what most motivatedWadsworth’s work in [21] on this subject.
His aim was to widen the scope of algebras A and B for which dim(A⊗kB) depends only
on individual characteristics of A and B. The algebras which proved tractable for Krull
dimension computations are those domainsAwhich satisfy the altitude formula over k (AF-
domains for short), that is, ht(p)+ t.d.(A
p
)= t.d.(A) for all prime ideals p of A. It is worth
noting that the class of AF-domains contains the most basic rings of algebraic geometry,
including ﬁnitely generated k-algebras that are domains. Let us recall, at this point, some
notation. For a k-algebra A and integers 0ds, let D(s, d,A) := max{ht p([s]) +
min(s, d+ t.d.(A
p
)) : p ∈ Spec(A)}. Wadsworth proved that ifA1 andA2 areAF-domains,
then dim(A1⊗kA2)=min(dim(A1)+ t.d.(A2), t.d.(A1)+dim(A2)) [21, Theorem 3.8]. He
also stated a formula for dim(A⊗kB) which holds for an AF-domain A, with no restriction
on B; namely, dim(A⊗kB)=D(t.d.(A), dim(A), B). Finally, he gave an example of two
k-algebras, V1 and V2, which are discrete valuation rings and which are not AF-domains
and showed that dim(V1⊗kV2) cannot be computed in terms of the invariants involved in
the formulas of his theorems.
On the other hand, in [7], we extended Wadsworth’s results to tensor products of k-
algebras arising from pullbacks. Our main result read as follows: Let Ti be a k-algebra
that is a domain and let Mi be a maximal ideal of Ti , for i = 1, 2. Let Ki := Ti/Mi , Di
a subring of Ki and i : Ti → Ki the canonical surjection, for i = 1, 2. Consider the
pullback constructions R1 := −11 (D1) and R2 := −12 (D2). Assume that Di and Ti are
AF-domains with ht(Mi)= dim(Ti), for i = 1, 2. Then
dim(R1⊗kR2)
=max{ht(M1[t.d.(T2)])+D(t.d.(D1), dim(D1), R2),
ht(M2[t.d.(T1)])+D(t.d.(D2), dim(D2), R1)} [7, Theorem 1.9].
Notice that, when the extension ﬁelds Ki are transcendental over the domains Di , the
pullbacks Ri are not AF-domains. In view of this, the above theorem allows us to compute
(Krull) dimensions of tensor products of two k-algebras for a large class of (not necessarily
AF-domains) k-algebras.However, the polynomial ringsR1[t.d.(K1 : D1)] andR2[t.d.(K2 :
D2)] turned out to be AF-domains [7, Proposition 2.2]. This very fact arouses our interest
in investigating dim(A⊗kB) in the general case where A[n] is an AF-domain for some
positive integer n. It is worth reminding the reader, that if A is anAF-domain, then so is the
polynomial ring A[n]. The converse fails in general.
The purpose of the present paper is to cast light on the above general case. Indeed, we
show that ifA is a one-dimensional domain such thatA[n] is anAF-domain for some positive
integer n, then one can express dim(A⊗kB) entirely in terms of numerical invariants of A
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and B. Precisely, our main theorem states the following: Given a one-dimensional domain
A that is a k-algebra such that A[n] is an AF-domain for some positive integer n and given
a k-algebra B,
dim(A⊗kB)
=max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ ht
(
p
[
t.d.
(
B
q1
)])
+min
(
t.d.
(
A
p
)
, t.d.
(
B
q
))
: p ∈ Spec(A) and q1 ⊆ q ∈ Spec(B)
}
.
As an application, we compute, in Section 2, the Krull dimension of A⊗kB for a new
family of k-algebras.
Recent developments on height and grade of (prime) ideals as well as on dimension
theory in tensor products of k-algebras are to be found in [4–8].
1. Krull dimension
In this section we investigate the Krull dimension of A⊗kB in the case when A[n] is an
AF-domain for some positive integer n.
All k-algebras considered throughout this paper are assumed to be of ﬁnite transcendence
degree over k.
First, it is convenient to catalog some basic facts and results connected with the
tensor product of k-algebras. These will be used frequently in the sequel without explicit
mention.
Let A and B be two k-algebras. If p is a prime ideal of A, r = t.d.(A
p
) and x1, . . . , xr are
elements of A
p
, algebraically independent over k, with the xi ∈ A, then it is easily seen that
x1, . . . , xr are algebraically independent over k and p ∩ S =∅, where S = k[x1, . . . , xr ] −
{0}. If A′ is an integral extension of A, then A′⊗kB is an integral extension of A⊗kB.
Now, assume that S1 and S2 are multiplicative subsets of A and B, respectively. Then
S−11 A⊗kS−12 BS−1(A⊗kB), where S = {s1 ⊗ s2 : s1 ∈ S1 and s2 ∈ S2}. Recall also that
if A is an integral domain, then ht(p)+t.d.(A
p
) t.d.(A) for each prime ideal p of A (cf.
[19, p. 37, 22, p. 10]). Moreover, we assume familiarity with the natural isomorphisms for
tensor products. In particular, we identify A and B with their respective images in A⊗kB.
Also,A⊗kB is a free (hence faithfullyﬂat) extension ofA and B. Finally, we refer the reader
to the useful result of Wadsworth [21, Proposition 2.3] which yields a classiﬁcation of the
prime ideals of A⊗kB according to their contractions to A and B.
Next, we announce the main theorem of this section.
Theorem 1.1. Let A be a one-dimensional k-algebra such that A[n] is an AF-domain for
some positive integer n and B be any k-algebra. Let P ∈ Spec(A⊗kB), p = P ∩ A and
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q =Q ∩ B. Then
ht(P )= max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
,
and consequently
dim(A⊗kB)
=max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ ht
(
p
[
t.d.
(
B
q1
)])
+min
(
t.d.
(
A
p
)
, t.d.
(
B
q
))
: p ∈ Spec(A) and q1 ⊆ q ∈ Spec(B)
}
.
Note that it is easy to check that the above theorem is an extension of the main theorem
of Wadsworth in [21], namely Theorem 3.7, in the context of one-dimensional k-algebras.
Further, we provide in Section 2 an example showing thatWadsworth’s theorem fails under
the hypotheses of Theorem 1.1. In other words, there exists a one-dimensional k-algebra A
such that the polynomial ring A[n] is anAF-domain, for n0, and a k-algebra B satisfying
dim(A⊗kB) = D(t.d.(A), dim(A), B) (cf. Example 2.3).
The proof of Theorem 1.1 appeals to the following preparatory results. The ﬁrst deals
with a result relative to the dimension theory of polynomial rings, which is probably well
known, but we have not located references in the literature.
Lemma 1.2. Let A be a domain and p a prime ideal of A such that ht(p) = 1. Then, for
any positive integers nm, ht(p[m])ht(p[n])+m− n.
Proof. Let nm be positive integers. Let Q ∈ Spec(A[m]) such that Q ⊂ p[m] and
ht(p[m])= 1+ ht(Q). It is obvious thatQ∩A= (0) since ht(p)= 1. Then Q survives in
K[m], whereK is the quotient ﬁeld ofA. LetP=Q∩A[n]. ThenP ⊂ p[n] andP ∩A=(0).
Also, note that the prime ideal
Q
P [m− n] of
A[n]
P
[m− n]
survives in L[m − n], where L is the quotient ﬁeld of A[n]
P
. Applying [9, Theorem 1], we
get
ht(Q)= ht(P [m− n])+ ht
(
Q
P [m− n]
)
= ht(P )+ ht
(
Q
P [m− n]
)
as P survives in K[n]
ht(p[n])− 1+m− n.
Hence ht(p[m])= 1+ ht(Q)ht(p[n])+m− n, as desired. 
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In [7], we prove that if A and B are k-algebras such that B is an integral domain, then
ht(p⊗kB) = ht(p[t.d.(B)]) for each prime ideal p of A. In fact, the proof of this lemma
says more than that. Next, we handle this matter.
Lemma 1.3. Let A and B be k-algebras such that B is an integral domain. Letp ∈ Spec(A).
Then, for each minimal prime ideal Q of p⊗kB, ht(Q)= ht(p⊗kB)= ht(p[t.d.(B)]).
Proof. Cf. Proof of [7, Lemma 1.4]. 
Let us record the following notation that will be used in the next result: Let A and B
be k-algebras. Let p and q be prime ideals of A and B, respectively, with r = t.d.(A
p
).
Let k[r] = k[x1, . . . , xr ], where x1, . . . , xr are elements of A such that x1, . . . , xr are
algebraically independent elements of A
p
over k and putS=k[r]−{0}. Take a prime idealP of
A⊗kB such thatp=P ∩A and q=P ∩B. First, note that S−1A⊗kBS−1A⊗k(r)S−1B[r].
Thus we may view S−1P as a prime ideal of S−1A⊗k(r)S−1B[r] such that S−1P ∩A= p
and S−1P ∩ B[r] = q ′, with q ′ ∩ B = q.
Lemma 1.4. Let A and B be k-algebras, and let p and q be prime ideals of A and B,
respectively, with r = t.d.(A
p
). Let P be a prime ideal of A⊗kB such that p = P ∩ A and
q = P ∩ B. Then
ht
(
P
p⊗kB + A⊗kq
)
= ht
(
q ′
q[r]
)
, where q ′ = S−1P ∩ B[r].
Proof. Applying [21, Proposition 2.3] and the above discussion, it is clear that S−1P is a
minimal prime ideal of S−1A⊗k(r)S−1B[r] over S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q ′
since
t.d.
(
S−1A
S−1p
: k(r)
)
= 0.
Hence
S−1P
S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q[r]
is a minimal prime ideal of
S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q ′
S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q[r] .
Note that this later ideal corresponds to
S−1A
S−1p
⊗k(r) S
−1q ′
S−1q[r]
via the natural isomorphism
S−1A⊗k(r)S−1B[r]
S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q[r]
S−1A
S−1p
⊗k(r) S
−1B[r]
S−1q[r] .
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Then, by Lemma 1.3, we get
ht
(
P
p⊗kB + A⊗kq
)
= ht
(
S−1P
S−1p⊗k(r)S−1B[r] + S−1A⊗k(r)S−1q[r]
)
= ht
(
S−1A
S−1p
⊗k(r) S
−1q ′
S−1q[r]
)
= ht
(
S−1q ′
S−1q[r]
[
t.d.
(
S−1A
S−1p
: k(r)
)])
= ht
(
q ′
q[r]
)
, as desired. 
Recall that a locally Jaffard domain is a ﬁnite-dimensional domainA such that ht(p[n])=
ht(p) for each prime ideal p of A and each positive integer n. Finite-dimensional Prüfer
domains and Noetherians domains are locally Jaffard domains. Also, any AF-domain is
locally Jaffard (cf. [14]). Formoredetails about Jaffard domains and locally Jaffard domains,
we refer to [1,10,16].
Lemma 1.5. Let A be a domain that is a k-algebra. If A[n] is an AF-domain for some
positive integer n, then so is A[t.d.(A)].
Proof. It is known that, for a positive integer r, the polynomial ring A[r] is an AF-domain
if and only if, for each prime ideal p of A, ht(p[r]) + t.d.(A
p
) = t.d.(A) [7, Lemma 2.1].
Moreover, by [10, Proposition 1, p. 127], A[t.d.(A)] is a locally Jaffard domain since
dimv(A) t.d.(A). Hence, since A[n] is an AF-domain (thus a locally Jaffard domain),
ht(p[n])= ht(p[t.d.(A)]) for each prime ideal p of A, and thus the result easily follows.

Proof of Theorem 1.1. Note that in view of the fact that
ht(Q)=max
{
ht
(
Q
A⊗kJ
)
: J ∈ Min(B)
}
for eachQ ∈ Spec(A⊗kB), it sufﬁces to prove the theorem in the case when B is a domain.
So, assume that B is a domain that is a k-algebra. Observe that, given a prime ideal q1 ⊆ q,
the ideal p⊗k Bq1 corresponds to
p⊗kB + A⊗kq1
A⊗kq1 and
A
p
⊗k q
q1
corresponds to
p⊗kB + A⊗kq
p⊗kB + A⊗kq1
via the natural isomorphisms of k-algebras
A⊗kB
A⊗kq1A⊗k
B
q1
and
A⊗kB
p⊗kB + A⊗kq1
A
p
⊗k B
q1
,
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respectively. Thus, via [7, Lemma 1.4],
ht
(
p
[
t.d.
(
B
q1
)])
= ht
(
p⊗k B
q1
)
= ht
(
p⊗kB + A⊗kq1
A⊗kq1
)
and
ht
(
q
q1
[
t.d.
(
A
p
)])
= ht
(
A
p
⊗k q
q1
)
= ht
(
p⊗kB + A⊗kq
p⊗kB + A⊗kq1
)
.
It follows that
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ ht
(
p
[
t.d.
(
B
q1
)])
= ht(A⊗kq1)+ ht
(
p⊗kB + A⊗kq
p⊗kB + A⊗kq1
)
+ ht
(
p⊗kB + A⊗kq1
A⊗kq1
)
ht(p⊗kB + A⊗kq).
Hence
max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
ht(p⊗kB + A⊗kq)+ ht
(
P
p⊗kB + A⊗kq
)
ht(P ).
To prove the reverse inequality,weﬁrst prove itwith the additional assumption that t.d.(A
p
)=
0. The argument uses induction on ht(q). If q = (0), then, applying [7, Lemmas 1.5 and
1.4], we get
ht(P )= ht(p⊗kB)+ ht
(
P
p⊗kB
)
= ht(p[t.d.(B)])
since P is minimal over p⊗kB, as desired. So assume that ht(q)1. Let Q ⊂ P ∈
Spec(A⊗kB) such that ht(P )= 1+ ht(Q) and put p′ =Q ∩ A, q ′ =Q ∩ B. Then, three
cases arise.
Case 1: p′ = p (thus q ′ ⊂ q). Then Q is minimal over p⊗kB + A⊗kq ′. By induc-
tion, as t.d.( A
p′ )= t.d.(Ap )= 0, ht(Q)=max{ht(q1[t.d.(A)])+ ht( q
′
q1
)+ ht(p[t.d.( B
q1
)]) :
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q1 ∈ Spec(B) and q1 ⊆ q ′}. Then
ht(P )= 1+ ht(Q)
= 1+max
{
ht(q1[t.d.(A)])+ ht
(
q ′
q1
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) and q1 ⊆ q ′
}
 max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) and q1 ⊆ q ′
}
 max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) and q1 ⊆ q
}
ht(P ).
Then the equality holds.
Case 2: p′ = (0) and q ′ = (0). Then
ht(Q)= ht(q ′[t.d.(A)])+ ht
(
Q
A⊗kq ′
)
[7, Lemma 1.5].
Hence
ht(P )= ht(q ′[t.d.(A)])+ ht
(
P
A⊗kq ′
)
.
By induction, since
P
A⊗kq ′ ∈ Spec
(
A⊗k B
q ′
)
with
P
A⊗kq ′ ∩ A= p and ht
(
q
q ′
)
<ht(q),
we have
ht
(
P
A⊗kq ′
)
= max
{
ht
(
q1
q ′
[t.d.(A)]
)
+ ht
(
q
q1
)
+ ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B)
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with q ′ ⊆ q1 ⊆ q}. It follows that
ht(P )= ht(q ′[t.d.(A)])+max
{
ht
(
q1
q ′
[t.d.(A)]
)
+ht
(
q
q1
)
+ ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q ′ ⊆ q1 ⊆ q
}
= max
{
ht(q ′[t.d(A)])+ ht
(
q1
q ′
[t.d.(A)]
)
+ht
(
q
q1
)
+ ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q ′ ⊆ q1 ⊆ q
}
 max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
ht(P ), as desired.
Case 3:p′=(0) and q ′=(0). Then, via [20,Theorem3.1],ht(Q) min(t.d.(A), t.d.(B)),
and thusht(P )1+min(t.d.(A), t.d.(B)). If t.d.(A) t.d.(B), thenwegetht(p[t.d.(B)])=
ht(p[t.d.(A)]) = t.d.(A) since A[t.d.(A)] is an AF-domain. If t.d.(B) t.d.(A), then by
Lemma 1.2, ht(p[t.d.(B)])ht(p[t.d.(A)])+ t.d.(B)− t.d.(A)= t.d.(B). In either case,
ht(P )= 1+ ht(Q)1+ ht(p[t.d.(B)]). Hence, from the case where q1 = (0), we obtain
ht(P ) max{ht(q1[t.d.(A)])+ ht(q/q1)+ ht(p[t.d.(B/q1)]) : q1 ∈ Spec(B) with q1 ⊆
q}ht(P ), and the equality holds, establishing the claim.
Now, let P be a prime ideal of A⊗kB and p = P ∩ A, q = P ∩ B. Put
r = t.d.
(
A
p
)
.
Let x1, . . . , xr be elements ofA such that x1, . . . , xr are algebraically independent elements
of A
p
over k. Put k[r] := k[x1, . . . , xr ] and S := k[r] − {0}. Then, as S−1A⊗kBS−1
A⊗k(r)(k(r)⊗kB)S−1A⊗k(r)S−1B[r], we may view S−1P as a prime ideal of
S−1A⊗k(r)S−1B[r] such that S−1P ∩S−1A=S−1p and S−1P ∩B[r]=q ′, with q ′ ∩B=q.
Observe that
t.d.
(
S−1A
S−1p
: k(r)
)
= 0.
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Then, applying the ﬁrst case with A replaced by S−1A and B replaced by S−1B[r], we get
ht(S−1P)
=max
{
ht(q ′1[t.d.(S−1A : k(r))])+ ht
(
q ′
q ′1
)
+ht
(
S−1p
[
t.d.
(
S−1B[r]
S−1q ′1
: k(r)
)])
: q ′1 ∈ Spec(B[r]) with q ′1 ⊆ q ′
}
.
Further, let q ′1 ∈ Spec(B[r]) such that q ′1 ⊆ q ′ and let q1 = q ′1 ∩ B. Then, noting that
ht
(
q ′1[t.d.(A)− r]
q1[t.d.(A)]
)
= ht
(
q ′1
q1[r] [t.d.(A)− r]
)
and applying [9, Theorem 1], we have
ht(q ′1[t.d.(A)− r])+ ht
(
q ′
q ′1
)
= ht(q1[t.d.(A)])+ ht
(
q ′1[t.d.(A)− r]
q1[t.d.(A)]
)
+ ht
(
q ′
q ′1
)
= ht(q1[t.d.(A)])+ ht
(
q ′1
q1[r]
)
+ ht
(
q ′
q ′1
)
as q ′1 ∩ B = q1 and thus
q ′1
q1[r] survives in kB(q1)[r]
ht(q1[t.d.(A)])+ ht
(
q ′
q1[r]
)
.
Moreover, observe that
q ′
q1[r] ∈ Spec
(
B
q1
[r]
)
and
q ′
q1[r] ∩
B
q1
= q
q1
.
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Then, via [9, Theorem 1],
ht
(
q ′
q1[r]
)
= ht
(
q
q1
[r]
)
+ ht
(
q ′/(q1[r])
(q/q1)[r]
)
= ht
(
q
q1
[r]
)
+ ht
(
q ′
q[r]
)
= ht
(
q
q1
[r]
)
+ ht
(
P
p⊗kB + A⊗kq
)
, by Lemma 1.4.
Also,
ht
(
S−1p
[
t.d.
(
S−1B[r]
S−1q ′1
: k(r)
)])
= ht
(
p
[
t.d.
(
B[r]
q ′1
)
− r
])
ht
(
p
[
t.d.
(
B[r]
q1[r]
)
− r
])
= ht
(
p
[
t.d.
(
B
q1
)])
.
It follows that
ht(P )= ht(S−1P)
 max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[r]
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
ht(P ).
Then the equality holds, completing the proof. 
We draw the next result in the interesting case when B is a locally Jaffard domain. Recall
that such a case includes the important class of Noetherian domains and Prüferian domains.
Corollary 1.6. Let A be a k-algebra such that dim(A)=1 andA[n] is AF-domain for some
positive integer n. Let B be a locally Jaffard domain that is a k-algebra. Then, for each
prime ideal P of A⊗kB,
ht(P )= ht(p[t.d.(B)])+ ht(q)+ ht
(
P
p⊗kB + A⊗kq
)
,
where p = P ∩ A and q = P ∩ B. Consequently,
dim(A⊗kB)=max
{
ht(p[t.d.(B)])+D
(
t.d.
(
A
p
)
, 0, B
)
: p ∈ Spec(A)
}
.
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Proof. Let P ∈ Spec(A⊗kB) and p=P ∩A, q=P ∩B. Applying Theorem 1.1, we have
ht(P )= max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[
t.d.
(
A
p
)])
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
 max
{
ht(q1[t.d.(A)])+ ht
(
q
q1
[t.d.(A)]
)
+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B) with q1 ⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
 max
{
ht(q[t.d.(A)])+ht
(
p
[
t.d.
(
B
q1
)])
: q1 ∈ Spec(B)withq1⊆ q
}
+ ht
(
P
p⊗kB + A⊗kq
)
= ht(q)+ ht(p[t.d.(B)])+ ht
(
P
p⊗kB + A⊗kq
)
as B is locally Jaffard
ht(P ), as desired.
Hence
dim(A⊗kB)= max
{
ht(p[t.d.(B)])+ ht(q)
+min
(
t.d.
(
A
p
)
, t.d.
(
B
q
))
: p ∈ Spec(A) and q ∈ Spec(B)
}
= max
{
ht(p[t.d.(B)])+D
(
t.d.
(
A
p
)
, 0, B
)
: p ∈ Spec(A)
}
.
This completes the proof. 
2. Application
The purpose of this section is to compute Krull dimension of tensor products for a new
family of k-algebras.
The discussion which follows, concerning basic facts connected with the prime ideal
structure of the subrings of the type “D + I”, will provide some background to our results
in this section and will be of use in their proofs. First, notice that we are concerned with
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pullbacks of the following type:
A=D + I −→ D
↓ ↓
T −→ T
I
where T is an integral domain, I is a proper nonzero ideal of T and D is a subring of T such
that D ∩ I = (0). It is clear, via [11, Theorem 1.4], that Spec(A) is homeomorphic to the
topological amalgamated sum of Spec(T ) and Spec(D) over Spec( T
I
). More precisely, take
E = {Q ∈ Spec(A) : I ⊆ Q} andF = {Q ∈ Spec(A) : I is not contained in Q}. Then
Spec(A)=E∪F, and the following mappings: f : Spec(D) −→ E such that f (q)=q+I ,
and g : {P ∈ Spec(T ) : I is not contained in P } −→ F such that g(P ) = P ∩ A, are
one-to-one order-preserving correspondences. Furthermore, while it seems not possible to
describe, in general, how Krull dimension behaves under such constructions, partial results
on effective computation of dim(A)were obtained.Actually, it is proved in [12] that if T is a
valuation domain, then, for each positive integer n, dim(A[n])= dim(D[n])+ dim(TP0)+
min(n, t.d.( T
P0
: D)) [12, Theorem 1.13], where P0 is the minimal prime ideal of T over I.
Next, we state our main result of this section. It deals with tensor products of k-algebras
arising from the above pullbacks. It turns out from Theorem 2.2 that one may compute the
Krull dimension of tensor products of two k-algebras for a new family of (not necessarily
AF-domains) k-algebras.
First, we begin with the following useful result.
Proposition 2.1. Let T be a valuation domain that is a k-algebra, k ⊆ K a subﬁeld of T
and I an ideal of T. Assume that, for the minimal prime ideal P0 of I, TP0 is an AF-domain.
Let A=K + I . Then A[t.d.( T
I
: K)] is an AF-domain and t.d.( T
I
: K) is the least positive
integer satisfying this property.
Note that it is easy to build, via pullback constructions, a valuation domain T such
that TP is an AF-domain for some non-maximal prime ideal P of T while T is not so.
In fact, consider the ring homomorphism  : k[X, Y ] → k[[t]] such that (X) = t and
(Y )= s =∑n1tn!. Since s is known to be transcendental over k(t),  is injective. This
induces an embedding  : k(X, Y ) → k((t)) of ﬁelds. Put V1 = −1(k[[t]]). It is easy to
check that V1 is a discrete (rank 1) valuation overring of k[X, Y ] of the form k+m1, where
m1=XV 1, and V1 is not anAF-domain since ht(m1)+ t.d.( V1m1 )= 1< t.d.(V1)= 2. Now,
let V2= k(X, Y )[Z](Z)= k(X, Y )+m2, wherem2=ZV 2, and put V =V1+m2= k+m,
where m = m1 + m2. Note that, via [13, Exercise 13, p. 203], V is a valuation domain of
(Krull) dimension 2 and Vm2 = V2 is an AF-domain while V is not an AF-domain since
ht(m)+ t.d.( V
m
)= 2< t.d.(V )= 3.
Proof of Proposition 2.1. Let r := htT (I ) denote the height of I in T. It is clear from
the above-mentioned one-to-one order-preserving correspondence Q → Q ∩ A between
{Q ∈ Spec(T ) : Q ⊂ I } and {Q ∈ Spec(A) : I is not contained in Q} that these
two sets coincide and thus Spec(A) = {I } ∪ {Q ∈ Spec(T ) : Q ⊂ I }. Hence (A, I) is
quasilocal of (Krull) dimension r. Moreover, AP is an AF-domain for each prime ideal
P ⊂ I of A. In fact, let P ⊂ I be a prime ideal of A. First, note that htA(P ) = htT (P ).
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Further I
P
is a non-zero common ideal of A
P
and T
P
, so that t.d.(A
P
) = t.d.( T
P
). Hence
htA(P ) + t.d.( AP ) = htT (P ) + t.d.( TP ) = t.d.(T ) = t.d.(A) since P ⊂ P0 and TP0 is an
AF-domain, proving the claim. In view of this and of [7, Lemma 2.1] it sufﬁces to prove
that ht(I [t.d.( T
I
: K)])+ t.d.(A
I
)= t.d.(A). In this context, we have
ht
(
I
[
t.d.
(
T
I
: K
)])
= dim
(
A
[
t.d.
(
T
I
: K
)])
− t.d.
(
T
I
: K
)
[2, Corollary 2.10]
= htT (P0)+ t.d.
(
T
I
: K
)
= t.d.(T : K).
Hence ht(I [t.d.( T
I
: K)])+ t.d.(A
I
)= ht(I [t.d.( T
I
: K)])+ t.d.(K)= t.d.(T )= t.d.(A).
Therefore A[t.d.( T
I
: K)] is an AF-domain.
Now, letm0 be an integer such thatA[m] is anAF-domain. Then ht(I [m])+ t.d.(A
I
)=
t.d.(A), and thus r+min(m, t.d.( T
P0
: K)) + t.d.(K) = t.d.(A). Hence htT (P0)+min(m,
t.d.( T
P0
: K))+ t.d.(K)= t.d.(T )which leads to min(m, t.d.( T
P0
: K))+ t.d.(K)= t.d.( T
P0
).
Thereforemin(m, t.d.( T
P0
: K))=t.d.( T
P0
: K). It follows thatm t.d.( T
P0
: K), completing
the proof. 
Theorem 2.2. Let T be a valuation domain that is a k-algebra. Let k ⊆ K a subﬁeld of T
and I an ideal of T. Assume that ht(I ) = 1 and, for the minimal prime ideal P0 of I, TP0
is an AF-domain. Let A = K + I and B be any Noetherian or Prüferian domain that is a
k-algebra. Then
dim(A⊗kB)= ht(I [t.d.(B)])+D(t.d.(K), 0, B)
= 1+min
(
t.d.(B), t.d.
(
T
I
: K
))
+D(t.d.(K), 0, B).
Proof. By Proposition 2.1, A[t.d.( T
I
: K)] is an AF-domain. Then the result follows im-
mediately by Corollary 1.6. 
Next, we provide an example showing that the main theorem of Wadsworth in [21],
namely Theorem 3.7, fails under the hypothesis of Theorem 1.1. In fact, we prove that there
exists a one-dimensional k-algebra A such that the polynomial ring A[n] is an AF-domain,
for some n0, and a k-algebra B satisfying dim(A⊗kB) = D(t.d.(A), dim(A), B).
Example 2.3. Consider the following discrete (rank 1) valuation domain that is an AF-
domain T = k(X1, X2)[Y ](Y ) = k(X1, X2)+m, where m= YT . Let A= k(X1)+m and
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B = k(Z), where Z is an indeterminate over k. Then, via Theorem 2.2, we get
dim(A⊗kB)= 1+min
(
t.d.(k(Z)), t.d.
(
T
m
: k(X1)
))
+D(t.d.(k(X1)), 0, k(Z))
= 3.
Hence,
D(t.d.(A), dim(A), B)=D(3, 1, k(Z))
= 2
< dim(A⊗kB), as desired.
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